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Congruence relations for p-adic hypergeometric
functions F̂
(σ)
a,...,a(t) and its transformation formula
Wang Chung-Hsuan
Abstract
We introduce new kind of p-adic hypergeometric functions. We
show these functions satisfy congruence relations, so they are conver-
gent functions. And we show that there is a transformation formula
between our new p-adic hypergeometric functions and p-adic hyper-
geometric functions of logarithmic type defined in [A] in a particular
case.
1 Introduction
The classical hypergeometric function of one-variable is defined to be the
power series
sFs−1
(
a1, . . . , as
b1, . . . , bs−1
; t
)
=
∞∑
k=0
(a1)k · · · (as)k
(b1)k · · · (bs−1)k
tk
k!
where (α)k denotes the Pochhammer symbol (cf. [Sl]). Let (a1, ..., as) ∈ Z
s
p
be a s-tuple of p-adic integers, and consider the series
Fa1,...,as(t) = sFs−1
(
a1, . . . , as
1, . . . , 1
; t
)
=
∞∑
k=0
(a1)k
k!
· · ·
(as)k
k!
tk.
This is a formal power series with Zp-coefficients. In the paper [Dw], B.
Dwork introduced his p-adic hypergeometric functions. Let a′ be the Dwork
prime of a, which is defined to be (a+ l)/p where l ∈ {0, 1, ..., p − 1} is the
unique integer such that a+ l ≡ 0 mod p. Then Dwork’s p-adic hypergeo-
metric function is defined to be
F
Dw
a1,...,as(t) = Fa1,...,as(t)/Fa′1,...,a′s(t
p).
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He proved that they satisfy the congruence relations
F
Dw
a1,...,as(t) ≡
Fa1,...,as(t)<pn
[Fa′1,...,a′s(t
p)]<pn
mod pnZp[[t]]
where for a power series f(t) =
∑∞
n=0Ant
n, we denote f(t)<m :=
∑
n<mAnt
n
the truncated polynomial. As a consequence, his function is p-adically ana-
lytic in the sense of Krasner (i.e. an element of Tate algebra, [FP, 3.1]), and
one can define the value at t = α with |α|p = 1. Dwork applied his function
to the unit root formula of elliptic curve of Legendre type (e.g. [VdP, §7]).
On the other hand, M. Asakura recently introduced a new function which he
calls p-adic hypergeoemtric functions of logarithmic type. Let W = W (Fp)
denote the Witt ring, and K=FracW its fractional field (e.g. [Se, Ch II,
§6]). Let σ : W [[t]] → W [[t]] be a p-th Frobenius given by σ(t) = ctp with
c ∈ 1 + pW : (∑
i
ait
i
)σ
=
∑
i
aFi c
itip
where F : W → W is the Frobenius on W . Then Asakura’s function
F
(σ)
a1,...,as(t) is defined to be
1
Fa1,...,as(t)
[
ψp(a1)+· · ·+ψp(as)+sγp−p
−1log(c)+
∫ t
0
(Fa1,...,as(t)−Fa′1,...,a′s(t
σ))
dt
t
]
where log is the Iwasawa logarithmic function and ψp(z) is the p-adic digamma
function ([A, §2, §3]). If we write F
(σ)
a1,...,as(t) = Ga1,...,as(t)/Fa1,...,as(t), he
showed his p-adic hypergeometric functions of logarithmic type satisfy con-
gruence relations similar to Dwork’s,
F
(σ)
a1,...,as(t) ≡
Ga1,...,as(t)<pn
Fa1,...,as(t)<pn
mod pnW [[t]].
In this paper, we introduce another new p-adic hypergeometric functions
which we denote by F̂
(σ)
a,...,a(t). Let a1 = · · · = as = a. Then we define
F̂
(σ)
a,...,a(t) :=
t−a
Fa,...,a(t)
∫ t
0
(taFa,...,a(t)− (−1)
se[ta
′
Fa′,...,a′(t)]
σ)
dt
t
.
Write F̂
(σ)
a,...,a(t) = Ĝ
(σ)
a,...,a(t)/Fa,...,a(t). Then we prove the following congru-
ence relations,
F̂
(σ)
a,...,a(t) ≡
Ĝ
(σ)
a,...,a(t)<pn
Fa,...,a(t)<pn
mod pnW [[t]].
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Let σ(t) = ctp and σ̂(t) = c−1tp. We conjecture a transformation formula
between F
(σ)
a,··· ,a(t) and F̂
(σ̂)
a,··· ,a(t) as follows (see Conjecture 4.9):
F
(σ)
a,··· ,a(t) = −F̂
(σ̂)
a,··· ,a(t
−1).
The main theorem (Theorem 4.10) is that this is true in case s = 2, a ∈ 1NZ,
0 < a < 1 and p > N .
The strategy of the proof is as follows. Let N,A are integer with N ≥ 2,
p > N, 1 ≤ A < N and gcd(A,N) = 1. Similarly to the discussion in [A],
we consider the fibration f : Y → P1 over K =Frac(W ) whose general fiber
f−1(t) is the projective nonsingular model of
yN = xA(1− x)A(1− (1− t)x)N−A,
and put X0 := f
−1(S) where S0 := SpecK[t, (t− t
2)−1].
Let ξ be the K2-symbol constructed in [A, Lemma 4.6]. Asakura showed
that his F
(σ)
a1,...,as(t) appears in the p-adic regulator of ξ. The key step in our
proof is to provide an alternative description of the p-adic regulator by our
F̂
(σ)
a,··· ,a(t). A key ingredient is an automorphism ρ : X → X given by
(x, y, t0) 7→ (1− x, t
A−N
0 y, t
−1
0 )
where X → S is the base change of f : X0 → S0 with t = t
N
0 . By comparing
the p-adic regulators of ξ and ρ∗ξ, we obtain the transformation formula.
We also conjecture a similar transformation formula for Dwork’s hyperge-
ometric functions (see Conjectuer 4.14). We attach a proof in case s = 2,
a ∈ 1NZ, 0 < a < 1 and p > N which is based on a similar idea to the above
(Theorem 4.15).
This paper is organized as follows. In §2, we give the definition of F̂
(σ)
a,...,a(t).
In §3, we prove the congruence relations. In §4, we review hypergeometric
curves and some facts in [A] which are needed for proving the transformation
formulas with a = an, s = 2. Then we give the proof.
Acknowledgement. I truly appreciate the help of Professor Masanori
Asakura. He gave the definition of our new p-adic hypergeometric functions
and the conjectures of transformation formulas with the aid of computer.
Also, he gave a lot of advice of this paper.
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2 Definition of F̂
(σ)
a,...,a(t)
Let W = W (Fp) denote the Witt ring, and K=FracW its fractional field.
Let σ : W [[t]] → W [[t]] be a p-th Frobenius given by σ(t) = ctp with
c ∈ 1 + pW : (∑
i
ait
i
)σ
=
∑
i
aFi c
itip (2.1)
where F : W → W is the Frobenius on W . Given a ∈ Zp. Let a
′ be the
Dwork prime of a, which is defined to be (a+ l)/p where l ∈ {0, 1, ..., p− 1}
is the unique integer such that a+ l ≡ 0 mod p. We denote the i-th Dwork
prime by a(i) which is defined to be (a(i−1))′ with a(0) = a.
Let
Fa,...,a(t) =
∞∑
k=0
(
(a)k
k!
)s
tk, Fa′,...,a′(t) =
∞∑
k=0
(
(a′)k
k!
)s
tk (2.2)
be the hypergeometric series for a ∈ Zp, where (a)k denotes the Pochhammer
symbol (i.e. (α)k = α(α + 1) · · · (α+ k + 1) when k 6= 0 and (α)0 = 1).
Put
q :=
{
4 p = 2
p p ≥ 3.
Let l′ ∈ {0, 1, ..., q − 1} be the unique integer such that a+ l′ ≡ 0 mod q.
Put
e := l′ − ⌊
l′
p
⌋.
Define a power series
Ĝ(σ)a,...,a(t) := t
−a
∫ t
0
(taFa,...,a(t)− (−1)
se[ta
′
Fa′,...,a′(t)]
σ)
dt
t
=
∞∑
k=0
Bkt
k
for a ∈ Zp\Z≤0. Here we think t
α to be an abstract symbol with relations
tα · tβ = tα+β , on which σ acts by σ(tα) = cαtpα, where
cα = (1 + pu)α :=
∞∑
i=0
(
α
i
)
piui, u ∈W.
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Moreover we think
∫ t
0 (−)
dt
t to be a operator such that∫ t
0
tα
dt
t
=
tα
α
, α 6= 0.
Definition 2.1. Define
F̂
(σ)
a,...,a(t) :=
Ĝ
(σ)
a,...,a(t)
Fa,...,a(t)
, a ∈ Zp\Z≤0.
If we write Fa,...,a(t) =
∑
Akt
k and Fa′,...,a′(t) =
∑
A
(1)
k t
k. Then we have
Bk =
1
k + a
(
Ak − (−1)
se(A
(1)
k−l
p
)c
k+a
p
)
,
where A
(1)
m
p
= 0 if m 6≡ 0 mod p or m < 0. In fact, we have F̂
(σ)
a,...,a(t) and
Ĝ
(σ)
a,...,a(t) are power series with W -coefficients from the following lemma.
Lemma 2.2. We have
Bk ∈W, ∀k ∈ Z≥0.
Proof. If k 6≡ l mod p, then k + a 6≡ 0 mod p. Hence
Bk =
Ak
k + a
∈W.
For k ≡ l mod p, write k + a = pnm with p ∤ m. Then
c
k+a
p = cp
n−1m ≡ 1 mod pn
since c ∈ 1 + pW . So if we can show
Ak ≡ (−1)
seA
(1)
k−l
p
mod pn
then Bk ∈W. Indeed, for an p-adic integer α ∈ Zp and n ∈ Z≥1 we define
{α}n :=
∏
1≤i≤n
p∤(α+i−1)
(α+ i− 1)
Using [A, Lemma 3.5], one have
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(a)k
k!
=
(
(a′)⌊k/p⌋
⌊k/p⌋
!
)−1 {a}k
{1}k
=
(a′)k−l
p
(k−lp )!
{a}k
{1}k
.
Therefore
Ak = A
(1)
k−l
p
(
{a}k
{1}k
)s
.
Since k + a ≡ 0 mod pn, we have that {a}k ≡ {−k}k mod p
n. Therefore
{a}k
{1}k
≡
{−k}k
{1}k
≡
∏
1≤i≤k
p∤(−k+i−1)
(−k + i− 1)
∏
1≤i≤k
p∤i
i
≡
k∏
i=1
p∤i
(−1) = (−1)k−⌊k/p⌋ mod pn.
We claim (−1)k−⌊k/p⌋ = (−1)e.
• For p ≥ 3, write k = l + bp. Then
k − ⌊k/p⌋ = l + bp− ⌊l/p + b⌋ = e+ b(p− 1) ≡ e mod 2.
Therefore (−1)k−⌊k/p⌋ = (−1)e.
• For p = 2, write k + a = 2nm, 2 ∤ m.
(1)If n = 1, we have (−1)k−⌊k/p⌋ = (−1)e.
(2)If n ≥ 2, we have k + a ≡ 0 mod 4. Therefore k ≡ L mod 4 where
L ∈ {0, 1, 2, 3} is the unique integer such that a + L ≡ 0 mod 4. Write
k = L+ 4b, then
k − ⌊k/2⌋ = L+ 4b− ⌊L/2⌋ − 2b ≡ e mod 2.
Again, we obtain (−1)k−⌊k/p⌋ = (−1)e.
Therefore
Ak ≡ A
(1)
k−l
p
(−1)es mod pn
This completes the proof.
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3 Congruence Relations
For a power series f(t) =
∑∞
n=0Ant
n, we denote f(t)<m :=
∑
n<mAnt
n the
truncated polynomial. Then we have the following theorem which we call
the congruence relations of F̂
(σ)
a,...,a(t).
Theorem 3.1. Let a ∈ Zp\Z≤0 and suppose c ∈ 1 + qW . Then
F̂
(σ)
a,...,a(t) ≡
Ĝ
(σ)
a,...,a(t)<pn
Fa,...,a(t)<pn
mod pnW [[t]]
for all n ∈ Z≥0.
Corollary 3.2. If a(r) = a for some r > 0, where (−)(r) denote the r-th
Dwork prime, then
F̂
(σ)
a,...,a(t) ∈W 〈t, t
−1, h(t)−1〉, h(t) :=
r−1∏
i=0
Fa(i),...,a(i)(t)<p
is a convergent function, whereW 〈t, t−1, h(t)−1〉 := lim
←−
n
(W/pn[t, t−1, h(t)−1]).
3.1 Proof of Congruence Relations: Reduction to the case
c = 1
In the following sections, we fix s ≥ 1 and a ∈ Zp\Z≤0.
Lemma 3.3. The proof of Theorem 3.1 can be reduced to the case σ(t) = tp,
i.e. c = 1.
Proof. Write f(t)≥m = f(t)− f(t)<m. Then Theorem 3.1 is equivalent to
Fa,...,a(t)Ĝ
(σ)
a,...,a(t)≥pn ≡ Fa,...,a(t)≥pnĜ
(σ)
a,...,a(t) mod p
nW [[t]],
namely ∑
i+j=m
(
BjAi+pn −AjBi+pn
)
≡ 0 mod pn, m ∈ Z≥0.
Here we write the coefficients of Ĝ
(σ)
a,...,a(t) in the case of c = 1 by B◦k. Suppose
that the congruence relation is true for c = 1, i.e.∑
i+j=m
(
B◦jAi+pn −AjB
◦
i+pn
)
≡ 0 mod pn, m ∈ Z≥0.
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So the lemma is true if and only if we have∑
i+j=m
(B◦j −Bj)Ai+pn −Aj(B
◦
i+pn −Bi+pn) ≡ 0 mod p
n.
Let c = 1 + pd with d 6= 0 (since if d is 0, then there is nothing to prove).
Then
∑
i+j=m
Aj(B
◦
pn+i −Bpn+i) =
∑
0≤j≤m
Aj(B
◦
pn+m−j −Bpn+m−j)
=
∑
0≤j≤m
Aj
(−1)seA
(1)
pn+m−j−l
p
pn +m− j + a
(c
pn+m−j+a
p − 1)
=
∑
0≤j≤m
Aj
(−1)seA
(1)
pn+m−j−l
p
pn +m− j + a
( ∞∑
i=1
(pn+m−j+a
p
i
)
pidi
)
=
∑
0≤j≤m
Aj(−1)
seA
(1)
pn+m−j−l
p
( ∞∑
i=1
1
i
(pn+m−j+a
p − 1
i− 1
)
pi−1di
)
=
∞∑
i=1
1
i
( ∑
0≤j≤m
Aj(−1)
seA
(1)
pn+m−j−l
p
(pn+m−j+a
p − 1
i− 1
))
pi−1di.
Similarly, we have
∑
i+j=m
Apn+i(B
◦
j −Bj) =
∑
0≤j≤m
Apn+m−j(−1)
se
A
(1)
j−l
p
j + a
( ∞∑
i=1
( j+a
p
i
)
pidi
)
=
∞∑
i=1
1
i
[ ∑
0≤j≤m
(−1)seApn+m−jA
(1)
j−p
p
( j+a
p − 1
i− 1
)]
pi−1di.
It suffices to show that
pi−1di
i
∑
0≤j≤m
AjA
(1)
pn+m−l−j
p
(pn+m−j+a
p − 1
i− 1
)
≡
pi−1di
i
∑
0≤j≤m
Apn+m−jA
(1)
j−l
p
( j+a
p − 1
i− 1
)
mod pn.
And this is equivalent to∑
0≤j≤m
AjA
(1)
pn+m−l−j
p
(
1−
pn +m− j + a
p
)
i−1
≡
∑
0≤j≤m
Apn+m−jA
(1)
j−l
p
(
1−
j + a
p
)
i−1
mod pn−i+1i!d−i.
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Since A
(1)
pn+m−l−j
p
= 0 when m − l < j ≤ m and A
(1)
j−l
p
= 0 when j < l, we
have that∑
0≤j≤m−l
AjA
(1)
pn+m−l−j
p
(
1−
pn +m− j + a
p
)
i−1
≡
∑
l≤j≤m
Apn+m−jA
(1)
j−l
p
(
1−
j + a
p
)
i−1
mod pn−i+1i!d−i
=
∑
0≤j≤m−l
Apn+m−l−jA
(1)
j
p
(
1−
j + l + a
p
)
i−1
.
If m− l < 0, then there is nothing to prove. So we can assume that m ≥ l.
In the case of i = 1, it follows from Dwork congruence [Dw, p.37, Theorem
2, p.45]. Suppose i ≥ 2, it suffices to show that∑
0≤j≤m−l
AjA
(1)
pn+m−l−j
p
(pn +m− j + a
p
)k
≡
∑
0≤j≤m−l
Apn+m−l−jA
(1)
j
p
(j + l + a
p
)k
∀k.
Indeed, since a = pa′ − l, we have∑
0≤j≤m−l
AjA
(1)
pn+m−l−j
p
(pn +m− j + a
p
)k
=
∑
0≤j≤m−l
AjA
(1)
pn+m−l−j
p
(pn +m− j − l
p
+ a′
)k
=
∑
0≤j≤m−l
AjA
(1)
pn+m−l−j
p
[ k∑
i=0
(
k
i
)
(a′)k−i(
pn +m− j − l
p
)i
]
=
k∑
i=0
[ ∑
0≤j≤m−l
AjA
(1)
pn+m−l−j
p
(
pn +m− j − l
p
)i
]
(a′)k−i
(
k
i
)
(∗)
≡
k∑
i=0
[ ∑
0≤j≤m−l
Am−l+pn−jA
(1)
j
p
(
j
p
)i
]
(a′)k−i
(
k
i
)
=
∑
0≤j≤m−l
Apn+m−l−jA
(1)
j
p
( j
p
+ a′
)k
=
∑
0≤j≤m−l
Apn+m−l−jA
(1)
j
p
(j + l + a
p
)k
.
where the (∗) follows from [A, p.15, (3.8)].
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3.2 Proof of Congruence Relations: Congruence Relations
for Bk/Ak
Since we have reduced the proof of congruence relations for hypergeometric
functions to the case c = 1, we can assume σ(t) = tp. From now on we write
Bk as the coefficients of Ĝ
(σ)
a,··· ,a(t) in the case c = 1, i.e.
Bk =
1
k + a
(
Ak − (−1)
seA
(1)
k−l
p
)
.
In this section, the main result is the following lemma.
Lemma 3.4. For k, k′ ∈ Z≥0 and n ∈ Z≥1, we have
k ≡ k′ mod pn ⇒
Bk
Ak
≡
Bk′
Ak′
mod pn.
Before proving Lemma 3.4, we need to prove some other preliminary lemmas.
Lemma 3.5. If a+ l = cpn with p 6 | c, then
Bl
Al
≡ s(ψp(a+ l)− ψp(1 + l)) mod p
n,
where ψp(z) is the p-adic digamma function defined in [A, §2.2].
Proof. Case I : p 6= 2
First, if l = 0, then e = l = 0. Therefore we have
Bl
Al
=
B0
A0
=
1
a
(1− (−1)se) = 0
and
s(ψp(a+ l)− ψp(1 + l)) ≡ s(ψp(0) − ψp(1)) = 0 mod p
n.
If l 6= 0, then
Bl
Al
=
1
a+ l
(
1− (−1)se
1
Al
)
=
1
cpn
(
1− (−1)se
∏
s
l!
(a)l
)
.
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Arranging the formula above and using a+ l = cpn, we obtain
(−1)se
(
1− cpn
Bl
Al
)
=
∏
s
(−1)l
1 · 2 · · · l
(l − cpn) · · · (1− cpn)
=
∏
s
(−1)l
∏
1≤k≤l
(
1
1− cpn/k
)
≡
∏
s
(−1)l
(
1 +
∑
1≤k≤l
cpn
k
)
mod p2n
≡ (−1)sl
(
1 + scpn
∑
1≤k≤l
1
k
)
mod p2n
= (−1)sl
(
1 + scpn(ψp(1 + l) + γp)
)
.
Therefore, we have
1− cpn
Bl
Al
≡ (−1)s(e−l)
(
1 + scpn(ψp(1 + l) + γp)
)
mod p2n.
Since we assume p is odd, e is equal to l. Hence
Bl
Al
≡ −s(ψp(1 + l) + γp) ≡ s(ψp(a+ l)− ψp(1 + l)) mod p
n.
by using the formula in [A, (2.8) and Theorem 2.4].
Case II : p = 2
Again, we have
Bl
Al
=
1
a+ l
(
1− (−1)se
1
Al
)
.
(1) For a = 2nc with 2 6 | c, we have l = 0. Hence
Bl
Al
=
B0
A0
=
1
a
(1− (−1)se) =
1
2nc
(1− (−1)se).
If n ≥ 2, then l′ = 0 and e = 0. Therefore, we obtain
B0
A0
= 0, s(ψp(a)− ψp(1)) ≡ 0 mod p
n
by [A, (2.8) Case II].
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If n = 1, then l′ = 2 and e = 1. This implies
B0
A0
=
1
2c
(1− (−1)s) ≡ s mod 2
and
s(ψp(a)− ψp(1)) = s(ψp(2c) − ψp(0)) ≡ sc ≡ s mod 2.
Hence, in both case, we have
Bl
Al
≡ s(ψp(a+ l)− ψp(1 + l)) mod p
n.
(2) For a+ 1 = 2nc with 2 6 | c, we have l = 1. This implies
Bl
Al
=
B1
A1
=
1
a+ 1
(1− (−1)se
1
A1
) =
1
2nc
(1− (−1)se
∏
s
1
a
).
If n ≥ 2, then l′ = 1 and e = 1. We obtain
2nc
B1
A1
= (1− (−1)s
∏
s
1
a
)
= (1−
∏
s
1
1− 2nc
)
≡
(
1−
∏
s
(1 + 2nc)
)
mod 22n
≡ 1− (1 + 2ncs) = −2ncs mod 22n,
which implies
B1
A1
≡ −s mod 2n.
Also, we have
s(ψp(a+ 1)− ψp(2)) ≡ s(ψp(0)− ψp(2)) ≡ −s mod 2
n.
If n = 1, then l′ = 3 and e = 2. We have
2c
B1
A1
= (1− (−1)s
∏
s
1
1− 2c
)
≡ 1− (−1)s(1 + 2sc) mod 4
≡
{
− 2sc, s is even
2(1 + sc), s is odd
≡ 0 mod 4.
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Hence, we get
B1
A1
≡ 0 mod 2.
On the other hand, we have
s(ψp(a+ 1)− ψp(2)) ≡
{
0, s is even
ψp(2c) − ψp(2), s is odd
≡
{
0, s is even
c− 1, s is odd
≡ 0 mod 2.
Lemma 3.6. If k = l + bpm with p 6 | b, then
Bk
Ak
≡
Bl
Al
mod pm.
Proof. Again, we write a+ l = cpn with p 6 | c.
Case I : m 6= n
We have that
1− (a+ l + bpm)
Bl+bpm
Al+bpm
= (−1)se
A
(1)
bpm−1
Al+bpm
(∗)
= (−1)se
∏
s
{1}l+bpm
{a}l+bpm
= (−1)se
∏
s
{1}l
{a}l
·
∏
s
{1 + l}bpm
{1}bpm
{1}bpm
{a+ l}bpm
(∗∗)
≡ (−1)se
1
Al
(
1− bpms(ψp(a+ l)− ψp(1 + l))
)
mod p2m
=
(
1− (a+ l)
Bl
Al
)(
1− bpms(ψp(a+ l)− ψp(1 + l))
)
mod p2m
where (∗) and (∗∗) follow from [A, Lemma 3.5] and [A, Lemma 3.7], respec-
tively. By arranging the equation above, we obtain
1− (a+ l + bpm)
Bl+bpm
Al+bpm
≡ 1− (a+ l)
Bl
Al
− bpms(ψp(a+ l)− ψp(1 + l)) mod p
2m,when n > m
(mod pn+m,when n < m)
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=⇒ (a+ l + bpm)(
Bl
Al
−
Bl+bpm
Al+bpm
) ≡ bpm
(
Bl
Al
− s(ψp(a+ l)− ψp(1 + l))
)
.
Therefore, by Lemma 3.5, we have
(a+ l + bpm)(
Bl
Al
−
Bl+bpm
Al+bpm
) ≡ 0 mod p2m,when n > m
(mod pn+m,when n < m).
=⇒
Bl+bpm
Al+bpm
≡
Bl
Al
≡ 0 mod pm
in both cases since ordp(a+ l + bp
m) is m if m < n (n if n < m).
Case II : m = n
We write a + l = cpm, k = l + bpm and a + k = (b + c)pm = dpm
′+m with
p 6 | d. Here we can assume m′ ≥ 1; otherwise, use the method in Case I.
Then
Bl+bpm
Al+bpm
−
Bl
Al
=
c[1− (−1)se
A
(1)
bpm−1
Abpm+l
]− dpm
′
[1− (−1)se 1Al ]
cdpm+m′
.
We claim that the numerator
c[1− (−1)se
A
(1)
bpm−1
Abpm+l
]− dpm
′
[1− (−1)se
1
Al
] ≡ 0 mod p2m+m
′
.
(1) p is odd or m ≥ 2.
First, we calculate A
(1)
bpm−1
/Abpm+l. We have that
A
(1)
bpm−1
Abpm+l
=
∏
s
{1}l+bpm
{a}l+bpm
=
∏
s
{1}l
{a}l
{1 + l}bpm
{a+ l}bpm
=
1
Al
∏
s
{1 + l}bpm
{a+ l}bpm
.
and
{1 + l}bpm
{a+ l}bpm
=
∏
1+l≤i≤bpm+l
p6 |i
i
∏
1≤i≤bpm
p6 |i
(cpm + i)
=
∏
1≤i≤bpm
p6 |i
i ·
∏
bpm≤i≤bpm+l
p6 |i
i
∏
1≤i≤l
p6 |i
i
·
1∏
1≤i≤bpm
p6 |i
(cpm + i)
=
∏
1≤i≤bpm
p6 |i
(
1
1 + cpm/i
) ∏
1≤i≤l
(dpm+m
′
− a− l + i)∏
1≤i≤l
i
.
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Since p is odd, or m ≥ 2 and p 6 | i, we have that∏
1≤i≤bpm
p6 |i
( 1
1 + cpm/i
)
=
∏
1≤i< bp
m
2
p6 |i
( 1
1 + cpm/i
)( 1
1 + cpm/(bpm − i)
)
where bpm − i 6= i. Since
∏
1≤i< bp
m
2
p6 |i
( 1
1 + cpm/i
)( 1
1 + cpm/(bpm − i)
)
=
∏
i
1
1 + cp
m·pm(b+c)
i(bpm−i)
≡ 1 mod p2m+m
′
,
we obtain
{1 + l}bpm
{a+ l}bpm
≡
∏
1≤i≤l
(dpm+m
′
− a− l + i)∏
1≤i≤l
i
mod p2m+m
′
=
(−1)l
∏
0≤i≤l−1
(a+ i− dpm+m
′
)
l!
≡
(−1)l
l!
[ l−1∏
i=0
(a+ i) + (−dpm+m
′
)
l−1∑
i=0
(a+ i)
]
≡ (−1)l
[
(−dpm+m
′
)
la+ l(l − 1)/2
l!
+
(a)l
l!
]
mod p2m+m
′
.
Apply 1Al
∏
s
(−) on both side, we get
A
(1)
bpm−1
Abpm+l
≡
(−1)ls
Al
[
Al +
( (a)l
l!
)s−1
s(−dpm+m
′
)
la+ l(l − 1)/2
l!
]
mod p2m+m
′
= (−1)ls
[
1 +
l!
(a)l
s(−dpm+m
′
)
la+ l(l − 1)/2
l!
]
≡ (−1)ls
[
1 + (−1)ls(−dpm+m
′
)
la+ l(l − 1)/2
l!
]
mod p2m+m
′
since l!(a)l ≡ (−1)
l mod pm (use a ≡ −l mod pm).
For 1/Al, since
(a)l
l!
≡
−cpm(l + 1)l/2 + (−1)ll!
l!
=
−cpm(l + 1)
2(l − 1)!
+ (−1)l mod p2m,
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we have
l!
(a)l
≡
(−1)l
1 + (−1)l+1 cp
m(l+1)
2(l−1)!
≡ (−1)l +
cpm(l + 1)
2(l − 1)!
mod p2m.
Hence
1
Al
≡ (−1)sl + (−1)l(s−1)s
cpm(l + 1)
2[(l − 1)!]
mod p2m.
Hence the numerator
c[1− (−1)se
A
(1)
bpm−1
Abpm+l
]− dpm
′
[1− (−1)se
1
Al
]
=− b+ (−1)se
(
dpm
′
Al
− c
A
(1)
bpm−1
Abpm+l
)
≡− b+ (−1)se
(
(−1)slb+ dpm
′
(−1)ls+ls
cpm(l + 1)
2[(l − 1)!]
+ c(−1)ls+ls(dpm+m
′
)
2la+ l(l − 1)
2(l!)
)
≡− b+ (−1)se
(
(−1)slb+
dpm+m
′
sc(−1)ls+l
2(l!)
(2l(a+ l))
)
≡b((−1) + (−1)s(e+l)) mod p2m+m
′
.
Since p is odd or p = 2(m ≥ 2), we have e = l. Hence (−1)+ (−1)s(e+l) = 0.
So we have the numerator congruent to 0 modulo p2m+m
′
. And this implies
Bk
Ak
≡
Bl
Al
mod pm.
(2) p = 2 and m = 1.
Write k = l + 2b, a+ l = 2c, a+ k = 2(b+ c) = 2n+1d with 2 6 | bc. Then
A
(1)
b2m−1
Ab2m
=
1
Al
∏
s
{1 + l}b2m
{a+ l}b2m
=
1
Al
[ ∏
1≤i≤b2m
26 |i
1
1 + c2m/i
]s[(−1)l(a− d2m+n)l
l!
]s
≡
1
Al
(
1
1 + 2c/b
)s(−1)ls
(
(a− d2m+n)l
l!
)s
mod 22+n.
(Note: Only the term
(
1
1+2c/b
)s
is different from case (1)).
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Again, we have
(−b) + (−1)se
(
d2n
Al
− c
A
(1)
b
A2b
)
≡(−b) + (−1)se
[
(−1)lsd2n + d2n(−1)ls+ls
c2(l + 1)
2(l − 1)!
− c(
b
b+ 2c
)s(−1)ls−
c(−1)ls+l(
b
b+ 2c
)ss(−d21+n)
2la+ l(l − 1)
2(l!)
]
mod 4 · 2n
≡(−b) + (−1)se
[
(−1)lsd2n − c(
b
b+ 2c
)s(−1)ls + d2n(−1)ls+ls
c2(l + 1)
2(l − 1)!
− c(−1)ls+ls(−d21+n)
2la+ l(l − 1)
2(l!)
]
mod 4 · 2n (since
b
b+ 2c
≡ 1 mod 2)
≡(−b) + (−1)se
[
(−1)lsd2n − c(
b
b+ 2c
)s(−1)ls
]
=(−b) + (−1)s(e+l)
[
d2n − c(
b
b+ 2c
)s
]
. (∗)
Observe that we have e+ l is odd. This is because if l = 0, then l′ = 2 and
e = 1. If l = 1, then l′ = 3 and e = 2. Hence, we have
(∗) = (−b) + (−1)s
(
b+ c− c(
b
b+ 2c
)s
)
.
Now, if s is even, then( b
b+ 2c
)s
=
(
(
b
b+ 2c
)2
) s
2
=
( b2
b2 + 4c(b+ c)
) s
2
≡ 1 mod 4 · 2n.
Therefore
(∗) ≡ (−b) + (b+ c− c) = 0 mod 4 · 2n.
If s is odd, we have
(∗) ≡ (−b)− (b+ c− c(
b
b+ 2c
)) mod 4 · 2n
=
(−2)(b+ c)2
(b+ 2c)
≡ 0 mod 4 · 2n.
Therefore, we have
Bk
Ak
≡
Bl
Al
mod 2.
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Now we can prove Lemma 3.4 in this section.
Proof. If k 6≡ l mod p, then
Bk
Ak
=
1
k + a
.
So the result follows. We write a + l = cpn, k = l + bpm with p 6 | bc. It is
enough to prove the lemma for the case k′ = k + pm
′
for any m′ ∈ N.
Case I: m′ ≤ m
This follows from Lemma 3.6, since we have k ≡ k′ ≡ l mod pm
′
.
Case II: m′ > m and n 6= m or n = m with ordp(k + a) = m
Since we have
1− (k′ + a)
Bk′
A′k
= (−1)se
A
(1)
⌊k
′
p
⌋
Ak′
= (−1)se
∏
s
{1}l+bpm+pm′
{a}l+bpm+pm′
= (−1)se
∏
s
{1}l+bpm
{a}l+bpm
{1 + l + bpm}pm′
{a+ l + bpm}pm′
= (−1)se
(A(1)
bpm−1
Al+bpm
)
·
∏
s
{1 + l + bpm}pm′
{1}pm′
{1}pm′
{a+ l + bpm}pm′
≡
(
1− (k + a)
Bk
Ak
)∏
s
(
1 + pm
′
(ψp(1 + l + bp
m) + γp)
)
·(
1− pm
′
(ψp(a+ l + bp
m) + γp)
)
mod p2m
′
≡
(
1− (k + a)
Bk
Ak
)(
1 + spm
′
(ψp(1 + l + bp
m)− ψp(a+ l + bp
m))
)
(∗)
≡
(
1− (k + a)
Bk
Ak
)(
1− pm
′Bl
Al
)
mod pm+m
′
where (∗) follows from [A, (2.8)] and Lemma 3.5 when p 6= 2 or m ≥ 2. And
for p = 2,m = 1, (∗) follows from
ψp(1 + l + 2b)− ψp(a+ l + 2b) ≡ ψp(1 + l)− ψp(a+ l) mod 2.
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Therefore
1− (k + a+ pm
′
)
Bk′
Ak′
≡ 1− (k + a)
Bk
Ak
− pm
′Bl
Al
+ pm′(k + a)
Bk
Ak
Bl
Al
mod pm+m
′
≡ 1− (k + a)
Bk
Ak
− pm
′Bl
Al
mod pn
∗+m′(n∗ := min{n,m})
We get
(k + a)
(Bk
Ak
−
Bk′
Ak′
)
≡ pm
′
(Bk′
Ak′
−
Bl
Al
)
≡ 0 mod pn
∗+m′ .
By assumption in Case II, we have that ordp(k + a) = n
∗. Hence we obtain
our result
Bk
Ak
≡
Bk′
Ak′
mod pm
′
.
Case III: m′ > m and n = m with ordp(k + a) > m
In this case, we write a+ l = cpm, k = l + bpm, k + a = (b+ c)pm = dpn+m
and k′ = k + pm
′
with m ≥ 1, n ≥ 1, p 6 | bcd. Then
Bk′
Ak′
−
Bk
Ak
=
−pm
′
+ (−1)se
[
(dpm+n + pm
′
)
A
(1)
bpm−1
Al+bpm
− (dpm+n)
A
(1)
bpm−1+pm
′
−1
A
l+bpm+pm
′
]
(dpm+n + pm′)dpm+n
We claim that the numerator congruent to 0 modulo (dpm+n + pm
′
)pm+n ·
pm′. For simplicity, we denote the numerator by (∗). First, we consider
(1) For m′ ≤ m+ n, we have that
A
(1)
bpm−1+pm′−1
Al+bpm+pm′
=
∏
s
{1}l+bpm+pm′
{a}l+bpm+pm′
and
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{1}l+bpm+pm′
{a}l+bpm+pm′
=
∏
1≤i≤l+bpm+pm
′
p6 |i
i
∏
1≤i≤l+bpm+pm
′
p6 |i
a+ l + bpm + pm′ − i
=
( ∏
1≤i≤l+bpm+pm
′
p6 |i
1
1− (dpm+n + pm′)/i
)
(−1)
l+bpm+pm
′
−⌊ l+bp
m+pm
′
p
⌋
≡
(
1 + (dpm+n + pm
′
)
∑
1≤i≤l+bpm+pm
′
p6 |i
1
i
)
(−1)l+bp
m−1(p−1) mod (dpm+n + pm
′
)pm
′
(since m′ ≤ m+ n and pm
′−1(p− 1) ≡ 0 mod 2)
=
[
1 + (dpn+m + pm
′
)(ψp(1 + l + bp
m + pm
′
) + γp)
]
(−1)l+bp
m−1(p−1).
Therefore
A
(1)
bpm−1+pm′−1
Al+bpm+pm′
≡
[
1+s(dpn+m+pm
′
)(ψp(1+l+bp
m+pm
′
)+γp)
]
(−1)sl+sbp
m−1(p−1)
mod (dpm+n + pm
′
)pm
′
.
Similarly, we can derive
A
(1)
bpm−1
Al+bpm
≡
[
1+sdpn+m(ψp(1+l+bp
m)+γp)
]
(−1)sl+sbp
m−1(p−1) mod (dpm+n)pm
′
.
Hence, (∗) congruent to
−pm
′
+(−1)s(e+l+bp
m−1(p−1))
(
pm
′
+
(
dpm+n+pm
′
)
dpm+ns
(
ψp(1+l+bp
m)−ψp(1+l+bp
m+pm
′
)
))
modulo pm+n+m
′
(dpm+n + pm
′
).
Furthermore, since m′ ≥ 2 we have
ψp(1 + l + bp
m) ≡ ψp(1 + l + bp
m + pm
′
) mod pm
′
.
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Therefore, (∗) congruent to
pm
′
(
1− (−1)s(e+l+bp
m−1(p−1))
)
.
Now we discuss case by case.
• If p is odd, then (−1)s(e+l+bp
m−1(p−1)) = 1.
• If p = 2,m ≥ 2, then (−1)s(e+l+bp
m−1(p−1)) = (−1)s(e+l) = 1(e = l since
m ≥ 2).
• If p = 2,m = 1, then (−1)s(e+l+b) = 1 since it can again be divided into
the following two cases:{
l = 0, l′ = 2, e = 1, b ≡ 1 mod 2
l = 1, l′ = 3, e = 2, b ≡ 1 mod 2.
Hence, (∗) congruent to 0 modulo pm+n+m
′
(dpm+n + pm
′
), and this implies
Bk
Ak
≡
Bk′
Ak′
mod pm
′
.
We proved the first case.
(2)For m′ > m+ n, we have that
A
(1)
bpm−1+pm′−1
Al+bpm+pm′
=
∏
s
{1}l+bpm+pm′
{a}l+bpm+pm′
=
A
(1)
bpm−1
Al+bpm
∏
s
{1 + l + bpm}pm′
{a+ l + bpm}pm′
=
A
(1)
bpm−1
Al+bpm
∏
s
{1 + l + bpm}pm′
{1}pm′
{1}pm′
{a+ l + bpm}pm′
≡
A
(1)
bpm−1
Al+bpm
(
1 + pm
′
s
(
ψp(1 + l + bp
m) + γp
))(
1− pm
′
s
(
ψp(a+ l + bp
m) + γp
))
mod p2m
′
Since m′ > m + n and ψp(a + l + bp
m) + γp ≡ 0 mod dp
m+n, the formula
above congruent to
A
(1)
bpm−1
Al+bpm
(
1 + pm
′
s
(
ψp(1 + l + bp
m) + γp
))
mod (dpm+n + pm
′
)pm
′
.
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Substitute this result into (∗), we have that
(∗) ≡ −pm
′
+(−1)se
A
(1)
bpm−1
Al+bpm
pm
′
(
1−dpm+ns
(
ψp(1+l+bp
m)+γp
))
mod (dpm+n+pm
′
)pm
′
.
Now we calculate the term A
(1)
bpm−1
/Al+bpm .
Since
A
(1)
bpm−1
Al+bpm
=
∏
s
{1}l+bpm
{a}l+bpm
=
∏
s
∏
1≤i≤l+bpm
p6 |i
(
i
a+ l + bpm − i
)
=
∏
s
[( ∏
1≤i≤l+bpm
p6 |i
1
1− dpm+n/i
)
(−1)l+bp
m−1(p−1)
]
=
∏
s
[( ∏
1≤i≤l+bpm
p6 |i
1
1− dpm+n/i
)
(−1)e
] (
(−1)l+bp
m−1(p−1) = (−1)e ∀p
)
≡ (−1)se
(
1 + dpm+ns
(
ψp(1 + l + bp
m) + γp
))
mod (pm+n)2,
we obtain
(∗) ≡ −pm
′
+ pm
′
(
1 + dpm+ns
(
ψp(1 + l + bp
m) + γp
))(
1− dpm+ns
(
ψp(1 + l + bp
m) + γp
))
≡ 0 mod (dpm+n + pm
′
)pm+npm
′
.
Hence, again, we obtain
Bk
Ak
≡
Bk′
Ak′
mod pm
′
.
3.3 Proof of Congruence Relations: End of the Proof
Here we follow the method used in the paper [A, §3.5] where M. Asakura
prove the congruence relations of p-adic hypergeometric functions of loga-
rithmic type.
Put Sm :=
∑
i+j=mAi+pnBj −AiBj+pn for m ∈ Z≥0. Then
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Lemma 3.7.
Sm ≡
∑
i+j=m
(Ai+pnAj −AiAj+pn)
Bj
Aj
mod pn.
Proof.
Sm =
∑
i+j=m
Ai+pnBj −AiAj+pn
Bj+pn
Aj+pn
≡
∑
i+j=m
Ai+pnBj −AiAj+pn
Bj
Aj
mod pn (Lemma 3.4)
=
∑
i+j=m
(Ai+pnAj −AiAj+pn)
Bj
Aj
.
Lemma 3.8.
Sm ≡
∑
i+j=m
(A
(1)
⌊j/p⌋A
(1)
⌊i/p⌋+pn−1
−A
(1)
⌊i/p⌋A
(1)
⌊j/p⌋+pn−1
)
Ai
A
(1)
⌊i/p⌋
Aj
A
(1)
⌊j/p⌋
Bj
Aj
mod pn.
Proof. This follows from Lemma 3.7 and [A, Lemma 3.6].
Put
qi :=
Ai
A
(1)
⌊i/p⌋
, A(i, j) := A
(1)
i A
(1)
j , A
∗(i, j) := A(j, i+pn−1)−A(i, j+pn−1)
B(i, j) := A∗(⌊i/p⌋, ⌊j/p⌋).
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Then
Sm ≡
∑
i+j=m
B(i, j)qiqj
Bj
Aj
mod pn
=
p−1∑
i=0
⌊(m−i)/p⌋∑
k=0
B(i+ kp,m− (i+ kp))qi+kpqm−(i+kp)
Bm−(i+kp)
Am−(i+kp)
=
s∑
k=0
l∑
i=0
B(i+ kp,m− (i+ kp))qi+kpqm−(i+kp)
Bm−(i+kp)
Am−(i+kp)
+
s−1∑
k=0
p−1∑
i=l+1
B(i+ kp,m− (i+ kp))qi+kpqm−(i+kp)
Bm−(i+kp)
Am−(i+kp)
=
s∑
k=0
A∗(k, s − k)
Pk︷ ︸︸ ︷( l∑
i=0
qi+kpqm−(i+kp)
Bm−(i+kp)
Am−(i+kp)
)
+
s−1∑
k=0
A∗(k, s − k − 1)
( p−1∑
i=l+1
qi+kpqm−(i+kp)
Bm−(i+kp)
Am−(i+kp)︸ ︷︷ ︸
Qk
)
.
We show that the first term vanishes modulo pn.
We have
k ≡ k′ mod pi =⇒ Pk ≡ Pk′ mod p
i+1. (3.1)
Therefore one can write
s∑
k=0
A∗(k, s − k)Pk ≡
pn−1−1∑
i=0
Pi
(∗)︷ ︸︸ ︷( ∑
k≡i mod pn−1
A∗(k, s − k)
)
mod pn.
Let us recall Lemma 3.11 in [A].
Lemma 3.9. For all m,k, s ∈ Z≥0 and 0 ≤ l ≤ n, then∑
i+j=m
i≡k mod pn−1
AiAj+pn−1 −AjAi+pn−1 ≡ 0 mod p
l.
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Using this lemma, we obtain (∗) is 0 modulo p. Hence, by (3.1) again, we
can write
s∑
k=0
A∗(k, s − k)Pk ≡
pn−2−1∑
i=0
Pi
(∗∗)︷ ︸︸ ︷( ∑
k≡i mod pn−2
A∗(k, s − k)
)
mod pn.
It follows from Lemma 3.9 that (∗∗) is 0 modulo p2, so
s∑
k=0
A∗(k, s− k)Pk ≡
pn−3−1∑
i=0
Pi
( ∑
k≡i mod pn−3
A∗(k, s − k)
)
mod pn.
Continuing the same discussion, we have
s∑
k=0
A∗(k, s − k)Pk ≡
s∑
k=0
A∗(k, s − k)P0 = 0 mod p
n.
Similarly, we can show the vanishing of the second term
s−1∑
k=0
A∗(k, s − k)Qk ≡ 0 mod p
n.
Hence Sm ≡ 0 mod p
n. And this is the end of the proof.
4 Transformation Formulas
In this section, we will introduce two conjectures and prove these conjec-
tures in a particular case. The first one is “Transformation Formulas be-
tween p-adic hypergeometric functions F̂
(σ)
a,...,a(t) and p-adic hypergeometric
functions of logarithmic type” which will be discussed in Section 4.3. The
second one is “Transformation formula on Dwork’s p-adic Hypergeometric
Functions” which is discussed in Section 3.4.
4.1 Hypergeometric Curves
Let W = W (Fp) be the Witt ring of Fp. Let N ≥ 2 be an integer and
a prime p > N. Let A,B be an integer such that 1 ≤ A,B < N and
gcd(A,N)=gcd(B,N)=1.
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Let f : Y → P1 be a fibration over K (K = FracW (Fp)) whose general fiber
Yt = f
−1(t) is the projective nonsingular curve associated to the affine curve
yN = xA(1− x)B(1− (1− t)x)N−B
We call f a hypergeometric curve. This is a fibration of curves of genus
N − 1, smooth outside t = 0, 1,∞. Put S0 := SpecK[t, (t − t
2)−1] and
X0 := f
−1(S0).
Lemma 4.1. Suppose p > N . Then there is an integral regular model
fW : YW → P
1
W
over W such that YW is smooth over W . Moreover let SW := SpecW [t, (t−
t2)−1] and XW := f
−1
W (SW ). Then XW is smooth over SW .
Proof. See [A, Lemma 4.4].
Let [ζ] : X0 → X0 be the automorphism given by
[ζ](x, y, t) = (x, ζ−1y, t)
for any N -th root of unity ζ ∈ µN = µN (K). We denote
H1dR(X0/S0)(n) := {x ∈ H
1
dR(X0/S0) | [ζ]x = ζ
nx,∀ζ ∈ µN}.
Then one has the eigen decomposition
H1dR(X0/S0) =
N−1⊕
n=1
H1dR(X0/S0)(n)
of O(S0)-module and each eigen space is free of rank 2. A basis ofH
1
dR(X0/S0)(n)
is given by
ωn := x
An(1− x)Bn(1− (1− t)x)n−1−Bn
dx
yn
, ηn :=
x
1− (1− t)x
ωn
where
An := ⌊
nA
N
⌋, Bn := ⌊
nB
N
⌋.
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4.2 Review of paper [A]
In this part, we will give a brief review of what we need in the paper [A].
First, let us recall the definition of p-adic hypergeometric functions of loga-
rithmic type.
Definition 4.2 (p-adic hypergeometric functions of logarithmic type).
Let s ≥ 1 be a positive integer. Let (a1, · · · , as) ∈ Zp and (a
′
1, · · · , a
′
s) where
a′i denotes the Dwork prime. Let σ : W [[t]] → W [[t]] be the p-th Frobenius
endomorphism given by σ(t) = ctp with c ∈ 1 + pW. Then we define the
p-adic hypergeometric functions of logarithmic type to be
F
(σ)
a1,··· ,as(t) :=
1
Fa1,··· ,as(t)
[
ψp(a1)+· · ·+ψp(as)+sγp−p
−1 log(c)+
∫ t
0
(Fa1,··· ,as(t)−Fa′1,··· ,a′s(t
σ))
dt
t
]
where ψp(z) is the p-adic digamma function defined in [A, §2.2], and log(z)
is the Iwasawa logarithmic function.
Lemma 4.3. Let ζ1, ζ2 ∈ µN (K)(K = FracW ) be N -th roots of unity such
that ζ1 6= ζ2. Then there exists a K2-symbol
ξ ∈ K2(XW )
of Quillen’s K-group (cf. [Sr]) such that
dlog(ξ) = −
N−1∑
n=1
ζn1 − ζ
n
2
N
dt
t
ωn.
Proof. This is [A, Lemma 4.6].
Definition 4.4 (cf. [LP, 3.1.1]). Let W = W (k) where k is an algebraic
closed field with chark > 0. Define
W 〈t1, · · · , tn〉 := lim←−
n
W/pn[t1, · · · , tn]
=
{∑
I
aIt
I ∈W [[t1, · · · , tn]]
∣∣∣ |aI |p → 0 as |I| → ∞}
W [t1, · · · , tn]
† :=
{∑
I
aIt
I ∈W [[t1, · · · , tn]]
∣∣∣ ∃r > 1 such that |aI |pr|I| → 0 as |I| → ∞}.
Furthermore, if
A =W [t1, · · · , tn]/(f1, · · · , fn),
we define the weak completion of A to be
A† :=W [t1, · · · , tn]
†/(f1, · · · , fn).
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Definition 4.5. Let F : W → W be the p-th Frobenius. Then σ : A† → A†
is called a p-th Frobenius if
• σ is F -linear (σ(αx) = F (α)σ(x), α ∈W,x ∈ A†)
• σ mod p on A†/pA† ≃ A/pA is given by x→ xp.
Let σ be a p-th Frobenius on W [t, (t − t2)−1]† which extends on K[t, (t −
t2)−1]† := K ⊗ W [t, (t − t2)−1]†. Write XFp := XW ×W Fp and SFp :=
SW ×W Fp. Then the rigid cohomology groups
H•rig(XFp/SFp)
are defined. We refer the book [L] for the theory of rigid cohomology.
The required properties is the following.
• H•rig(XFp/SFp) is a finitely generated O(S0)
†-module.
• (Frobenius) The p-th Frobenius Φ on H•rig(XFp/SFp)(depending on σ)
is defined. This is a σ-linear endomorphism:
Φ(f(t)x) = σ(f(t))Φ(x), for x ∈ H•rig(XFp/SFp), f(t) ∈ O(S0)
†.
• (Comparison) There is the comparison isomorphism with algebraic de
Rham cohomology,
c : H•rig(XFp/SFp)
∼= H•dR(X0/S0)⊗O(S0) O(S0)
†.
Let ξ be the element in Lemma 4.3. Then according to [AM, §2], we have
Theorem 4.6. Let σ be a p-Frobenius on O(S0)
† such that σ(t) = ctp with
c ∈ 1 + pW. Then there exists an exact sequence
0 −→ O(S0)
†⊗O(S0)H
1
dR(X0/S0) −→ O(S0)
†⊗O(S0)Mξ(X0/S0) −→ O(S0)
† −→ 0
endowed with
• Frobenius Φ-action which is σ-linear.
• Fili ⊆ Mξ(X0/S0) (Hodge filtration) with
O(S0)
† ⊗O(S0) Fil
0Mξ(X0/S0)
∼
−→ O(S0)
†
In particular, there exists a unique lifting eξ ∈ O(S0)
†⊗O(S0)Fil
0Mξ(X0/S0)
of 1 ∈ O(S0)
†.
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Let 1 ≤ n ≤ N − 1 be an integer. Put
an :=
{
−nB
N
}
, bn :=
{
−nA
N
}
where {x} := x− ⌊x⌋ denotes the fractional part. Let
Fn(t) :=
∞∑
i=0
(an)i
i!
(bn)i
i!
ti ∈ Zp[[t]]
be the hypergeometric power series. Put
ω˜n :=
1
Fn(t)
ωn, η˜n := −t(1− t)
an+bn(F ′n(t)ωn + anFn(t)ηn)
which form a K((t))-basis of K((t)) ⊗ H1dR(X0/S0). Let eξ be the unique
lifting of 1 in the above theorem. Define ǫ
(n)
i (t) and E
(n)
i (t) by
eξ − Φ(eξ) =
N−1∑
n=1
ζn1 − ζ
n
2
N
(ǫ
(n)
1 (t)ωn + ǫ
(n)
2 (t)ηn)
=
N−1∑
n=1
ζn1 − ζ
n
2
N
(E
(n)
1 (t)ω˜n + E
(n)
2 (t)η˜n) ∈ K((t))⊗H
1
dR(X0/S0).
Lemma 4.7. Assume σ is given by σ(t) = ctp with c ∈ 1 + pW. Then
E
(n)
1 (t)
Fn(t)
= −F
(σ)
an,bn
(t).
Proof. See [A, Theorem 4.8].
4.3 Transformation Formula
Let ai ∈ Zp(0 ≤ i ≤ r − 1) and put h(t) :=
∏r−1
i=0 Fai,··· ,ai(t)<p, where
Fai,··· ,ai(t) is hypergeometric power series. Then there is an involution
ω : W 〈t, t−1, h(t)−1〉 −→W 〈t, t−1, h(t)−1〉, ω(f(t)) = f(t−1).
This follows from the following proposition.
Proposition 4.8. (1) Let a ∈ Zp. Let F (t) := Fa,··· ,a(t)<p mod p. Then
F (t) = ±tdF (t−1) in Fp[t] where d is the degree of F (t).
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(2) Let ai ∈ Zp(0 ≤ i ≤ r − 1) and put h(t) :=
∏r−1
i=0 Fai,··· ,ai(t)<p. Then
there is a ring homomorphism
ωn : W/p
n[t, t−1, h(t)−1]→W/pn[t, t−1, h(t)−1], f(t) 7→ f(t−1).
(3) There is an involution
ω : W 〈t, t−1, h(t)−1〉 −→W 〈t, t−1, h(t)−1〉, ω(f(t)) = f(t−1).
Proof. (1)Write
F (t) =
d∑
i=0
(
(a)i
i!
)s
ti.
Since F (t) = Fa,··· ,a(t)<p mod p, we have that (a)d 6≡ 0 mod p and (a)d+1 ≡
0 mod p. That is, we have a+ d ≡ 0 mod p.
If d = i+ j, then
(a)i
i!
≡
(−d)i
i!
= (−1)i
(
d
i
)
= (−1)i
(
d
j
)
= (−1)d
(−d)j
j!
≡ (−1)d
(a)j
j!
mod p.
Therefore, we have (
(a)i
i!
)s
≡ (−1)ds
(
(a)j
j!
)s
mod p.
This implies
tdF (t−1) = (−1)dsF (t).
(2) Observe that it is enough to show that
h(t−1) ∈ (W/pn[t, t−1, h(t)−1])×.
An element is a unit in W 〈t, t−1, h(t)−1〉 if and only if it is a unit modulo
pW [t, t−1, h(t)−1]. So if we can prove h(t−1) is a unit modulo pW [t, t−1, h(t)−1],
then we are done. Put
Fi(t) := Fai,··· ,ai(t)<p mod p.
From (1), we have
Fi(t) = ±t
diFi(t
−1)
where di is the degree of Fi(t). Hence we have
Fi(t
−1)−1 =
±tdi
Fi(t)
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in W/p[t, t−1, h(t)−1], i.e. Fi(t) is a unit in W/p[t, t
−1, h(t)−1]. Since h(t) is
the product of Fi(t), it is also a unit.
(3) ω is defined by using ωn in (2) in the following way:
ω :W 〈t, t−1, h(t)−1〉 −→ W 〈t, t−1, h(t)−1〉, (fn(t)) 7→ (ωnfn(t)).
By (2), ω is well-defined and also it is an involution.
Conjecture 4.9 (Transformation Formula between F
(σ)
a,··· ,a(t) and
F̂
(σ̂)
a,··· ,a(t)). Let σ(t) = ct
p and σ̂(t) = c−1tp. Let a ∈ Zp\Z≤0 and the
rth Dwork prime a(r) = a for some r > 0. Put h(t) :=
∏r−1
i=0 Fa(i),··· ,a(i)(t)<p,
then
F
(σ)
a,··· ,a(t) = −F̂
(σ̂)
a,··· ,a(t
−1)
in the ring W 〈t, t−1, h(t)−1〉 where F̂
(σ̂)
a,··· ,a(t
−1) is defined as ω(F̂
(σ̂)
a,··· ,a(t))
and F
(σ)
a,··· ,a(t) is the p-adic hypergeometric functions of logarithmic type.
Recall an = {−nA/N} in Section 4.2. Let r ∈ Z≥1 is a number such that
a
(r)
n = an. We will prove a special case of Conjecture 4.9 in this section.
Theorem 4.10. Let σ(t) = ctp and σ̂(t) = c−1tp. Put h(t) =
∏r−1
i=0 Fa(i)n ,a
(i)
n
(t)<p.
Then
F
(σ)
an,an(t) = −F̂
(σ̂)
an,an(t
−1)
in the ring W 〈t, t−1, h(t)−1〉 where F
(σ)
an,an(t) is the p-adic hypergeometric
functions of logarithmic type.
Before giving the proof, we need some settings. First, we assume A = B. So
our hypergeometric curve becomes
yN = xA(1− x)A(1− (1− t)x)N−A.
Let R := K[t0, (t0(1− t
N
0 ))
−1], S := SpecR with f : S −→ S0 induced by
K[t, (t− t2)−1] −→ K[t0, (t0(1− t
N
0 ))
−1]
t 7−→ tN0
and consider X := X0 ×S0 S over S. In what follows, we write t for t
N
0 .
Observe that there is an isomorphism ρ : X
∼
−→ X defined by
(x, y, t0) 7→ (1− x, t
A−N
0 y, t
−1
0 )
Put
ξ̂ := ρ∗(ξ) (pull-back of ξ via ρ).
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Lemma 4.11.
dlog(ξ̂) = −
N−1∑
n=1
ζn1 − ζ
n
2
N
dt
t
tanωn.
Proof. Immediate from Lemma 4.3.
Let σ and σ̂ be p-th Frobenius on R†(weak completion of R) such that
σ(t0) = ct
p
0 and σ̂(t0) = c
−1tp0 with c ∈ 1 + pW. Again, there exists an exact
sequence induced by ξ̂
0 −→ R† ⊗R H
1
dR(X/S) −→ R
† ⊗R Mξ̂(X/S) −→ R
† −→ 0
endowed with
• Frobenius Φ̂-action which is σ̂-linear.
• Fili ⊆ M
ξ̂
(X/S) (Hodge filtration) with
R† ⊗R Fil
0M
ξ̂
(X/S)
∼
−→ R†.
Let e
ξ̂
∈ R† ⊗R Fil
0M
ξ̂
(X/S) be the unique lifting of 1 ∈ R†.
Let us calculate e
ξ̂
− Φ̂(e
ξ̂
) which belongs to K((t0))⊗H
1
dR(X/S).
Write
e
ξ̂
− Φ̂(e
ξ̂
) =
N−1∑
n=1
ζn1 − ζ
n
2
N
(Ê
(n)
1 (t0)ω˜n + Ê
(n)
2 (t0)η˜n). (4.1)
Lemma 4.12.
Ê
(n)
1 (t0)
Fn(t)
= −tanF̂ (σ̂)an,an(t).
Proof. Apply the Gauss-Manin connection∇ : H1dR(X/S)→ Ω
1
S⊗H
1
dR(X/S)
on (4.1). Since ∇Φ̂ = Φ̂∇ and ∇(e
ξ̂
) = dlog(ξ̂), we have
−
N−1∑
n=1
ζn1 − ζ
n
2
N
(1−Φ̂)
(
tanFn(t)
dt
t
∧ω˜n
)
=
N−1∑
n=1
ζn1 − ζ
n
2
N
∇(Ê
(n)
1 (t0)ω˜n+Ê
(n)
2 (t0)η˜n).
(4.2)
By [A, Lemma 4.5], we have Φ̂(ω˜m) ≡ p
−1ω˜n mod K((t0))η˜n where m is
the unique integer in {1, 2, ..., N − 1} such that pm ≡ n mod N .
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Therefore
LHS of (4.2) ≡ −
N−1∑
n=1
ζn1 − ζ
n
2
N
[
tanFn(t)−
(
tamFm(t)
)σ̂]dt
t
∧ω˜n mod K((t0))η˜n.
On the other hand, it follows from [A, Proposition 4.1] that(
∇(ω˜n) ∇(η˜n)
)
= dt⊗ (ω˜n η˜n)
(
0 0
t−1(1− t)−an−bnFn(t)
−2 0
)
,
so
RHS of (4.2) ≡
N−1∑
n=1
ζn1 − ζ
n
2
N
dÊ
(n)
1
dt
dt ∧ ω˜n mod K((t0))η˜n.
Thus
dÊ
(n)
1
dt
= −
tanFn(t)−
(
tamFm(t)
)σ̂
t
.
Namely, we have
−Ê
(n)
1 (t0) = C +
∫ t
0
tanFn(t)−
(
tamFm(t)
)σ̂ dt
t
for some constant C ∈ K and with t = tN0 . We claim that this con-
stant C is 0. Indeed, since Ê
(n)
1 (t0)/Fn(t
N
0 ) is an overconvergent function,
Ê
(n)
1 (t0)t
−Nan
0 /Fn(t
N
0 ) is also overconvergent. If C = 0, then Ê
(n)
1 (t0)t
−Nan
0 /Fn(t
N
0 ) =
F̂
(σ̂)
an,an(t) is a convergent function by Corollary 3.2. If there is another C
′
such that Ê
(n)
1 (t0)t
−Nan
0 /Fn(t
N
0 ) is a convergent function, then after sub-
straction, we have
C ′t−Nan0
Fn(tN0 )
∈ K〈t0, (t0 − t
2
0)
−1, h(tN0 )
−1〉.
This contradicts to [A, Proposition 4.9]. So C must be 0. This completes
the proof.
Using these lemmas, we can prove Theorem 4.10.
proof of Theorem 4.10. Since we have isomorphism ρ, it induces the follow-
ing commutative diagram of exact sequences,
0 R† ⊗H1dR(X/S) R
† ⊗Mξ(X/S) R
† 0
0 R† ⊗H1dR(X/S) R
† ⊗M
ξ̂
(X/S) R† 0
∼ ρ
∗
∼ ρ
∗ ∼ ρ
∗
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where the upper sequence has p-Frobenius Φ(σ linear), and the lower se-
quence has p-Frobenius Φ̂(σ̂ linear) with ρ∗Φ = Φ̂ρ∗. From this diagram, we
have ρ∗(eξ) = eξ̂ where eξ is the unique lifting in R
† ⊗R Fil
0Mξ(X/S) of
1 ∈ R†.
By Lemma 4.7, we know
eξ − Φ(eξ) ≡
N−1∑
n=1
ζn1 − ζ
n
2
N
[
−F (σ)an,an(t)
]
ωn mod η˜n. (4.3)
Applying ρ∗, since ρ∗(eξ) = eξ̂ and ρ
∗Φ = Φ̂ρ∗, the left hand side of (4.3)
becomes
e
ξ̂
− Φ̂(e
ξ̂
) ≡
N−1∑
n=1
ζn1 − ζ
n
2
N
[
− F̂ (σ̂)an,an(t) · t
an
]
ωn mod η˜n (4.4)
by Lemma 4.12. On the other hand, since Ker∇ is generated by {η˜n}n over
K from [A, Proposition 4.1] and ρ∗(Ker∇) ⊆ Ker∇, the right hand side of
(4.3) become
N−1∑
n=1
ζn1 − ζ
n
2
N
[
F
(σ)
an,an(t
−1) · tan
]
ωn mod η˜n. (4.5)
Comparing equations (4.4) and (4.5), we have
−F̂ (σ̂)an,an(t) = F
(σ)
an,an(t
−1).
This completes the proof.
4.4 Transformation formula on Dwork’s p-adic Hypergeo-
metric Functions
In this section, the settings are the same as in Section 4.3. First, let us recall
the definition of Dwork’s p-adic hypergeometric functions.
Definition 4.13 (Dwork’s p-adic hypergeometric functions). Let s ≥
1 be an integer. For (a1, · · · , as) ∈ Z
s
p, Dwork’s p-adic hypergeometric func-
tion is defined as
F
Dw
a1,··· ,as(t) := Fa1,··· ,as(t)/Fa′1,··· ,a′s(t
p)
where Fa1,··· ,as(t) and Fa′1,··· ,a′s(t) are hypergeometric power series. And it is
known to belong to W 〈t, (1− t)−1〉.
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Conjecture 4.14 (Transformation formula on Dwork’s p-adic Hy-
pergeometric Functions). Suppose a1 = · · · = as = a. Let l is the unique
integer in {0, 1, · · · , p − 1} such that a+ l ≡ 0 mod p. Then
F
Dw
a,··· ,a(t) = ((−1)
st)lFDwa,··· ,a(t
−1).
We have the special case of Conjecture 4.14.
Theorem 4.15. Let 1 ≤ n ≤ N − 1. And let an = {−nA/N} defined in
Section 3.2 and Section 3.3. We have
F
Dw
an,an(t) = t
l
F
Dw
an,an(t
−1),
where l is the unique integer in {0, 1, · · · , p−1} such that an+ l ≡ 0 mod p.
Proof. Let σ :W [[t]]→W [[t]] be the p-th Frobenius given by σ(t) = tp, and
let Φ be the p-th Frobenius induced by σ on K((t0)) ⊗H
1
dR(X/S). By [A,
Lemma 4.5], Φ induces a map
K((t0))⊗H
1
dR(X/S))(m)/K((t0))η˜m
Φ
−→ K((t0))⊗H
1
dR(X/S))(n)/K((t0))η˜n
with
Φ(ω˜m) = p
−1ω˜n.
Therefore
Φ(ωm) = p
−1Fm(t
σ)
Fn(t)
ωn = p
−1
F
Dw
an,an(t)
−1ωn. (4.6)
Apply ρ∗ on (4.6) and since ρ∗Φ = Φρ∗, we obatin
Φ(−tamωm) = p
−1
F
Dw
an,an(t
−1)−1(−tan)ωn. (4.7)
On the other hand, we have
Φ(−tamωm) = (−t
pam)p−1FDwan,an(t)
−1ωn. (4.8)
By comparing (4.7) and (4.8), we obtain the result.
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